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We consider chiral liquids, that is liquids consisting of massless fermions and right–left asymmetric. 
In such media, one expects existence of electromagnetic current ﬂowing along an external magnetic 
ﬁeld, associated with the chiral anomaly. The current is predicted to be dissipation-free. We consider 
dynamics of chiral liquids, concentrating on the issues of possible instabilities and infrared sensitivity. 
Instabilities arise, generally speaking, already in the limit of vanishing electromagnetic constant, αel → 0. 
In particular, liquids with non-vanishing chiral chemical potential might decay into right–left asymmetric 
states containing vortices.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
Interest in theory of chiral liquids was originally boosted by the 
discovery of the quark–gluon plasma (since the light quarks are 
nearly massless). In theoretical studies, one mostly concentrates, 
however, on a generic plasma of massless fermions which interact 
in a chiral-invariant way and possess U(1) charges. A remarkable 
feature of the chiral materials is that the chiral anomaly, which 
is a loop, or quantum effect, is predicted to have macroscopic 
consequences and effectively modiﬁes the Maxwell equations. In 
particular, in the equilibrium there is an electric current jelμ pro-
portional to external magnetic ﬁeld [1–3]:
jelμ = σMBμ . (1)
Here Bμ is the magnetic ﬁeld in the rest frame of the element of 
the liquid, or Bμ ≡ (1/2)μναβuν Fαβ , where uμ is the 4-velocity 
of an element of the liquid.
In most recent times, the interest in theory of chiral liquids was 
triggered by the paper in Ref. [4] where it was demonstrated that 
the value of σM is uniquely ﬁxed in the hydrodynamic approxima-
tion. In particular, for a single (massless) fermion of charge e:
σM = e
2μ5
2π2
, (2)
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SCOAP3.where μ5 is the chiral chemical potential, μ5 ≡ μL − μR , so 
that μ5 = 0 implies that the medium is not invariant under parity 
transformation.
Using the hydrodynamic approximation and equations of mo-
tion one can demonstrate that the magnetic conductivity is pro-
tected against corrections [4]. This non-renormalization of σM goes 
back to the Adler–Bardeen theorem. Moreover, one can argue that 
the current (1) is dissipation-free [5]. Indeed, both the r.h.s. and 
l.h.s. of (1) are odd under time reversal. This is a strong indication 
that the dynamics behind (1) is Hamiltonian and there is no dissi-
pation [5]. Analogy to the superconducting current in the London 
limit, jel = m2γ A where mγ is the photon mass and A is the vec-
tor potential, supports [6] the conclusion on the dissipation-free 
nature of the current (1).
Further studies of dynamics of chiral liquids seem desir-
able. It is worth emphasizing that some chiral effects survive 
in the limit of the electromagnetic coupling tending to zero, 
αel → 0. In particular there is a so-called chiral vortical effect 
[4] which is the ﬂow of axial current along the liquid’s vorticity, 
j5α ∼ αβγ δuβ∂γ uδ , where uα is the 4-velocity of an element of 
the liquid.
In view of the indications that chiral liquids possess such un-
usual properties, in this note we will consider dynamics of the 
chiral liquids, concentrating mostly on possible instabilities and 
infrared sensitivity. In particular, we argue that the instabilities 
arise already in the limit αel → 0. Namely, chiral liquids with non- under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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metric state containing vortices. The basic element of our analysis 
is consideration of consequences from conservation of the axial 
current in the hydrodynamic approximation.
Turn ﬁrst to the deﬁnition of the axial charge on the fundamen-
tal, ﬁeld-theoretic level:
Q A = Q Anaive +
e2
4π2
H, d
dt
Q A = 0 , (3)
where Q Anaive is the axial charge which is conserved according to 
the classical equations of motion (without account of the anomaly) 
and H is the so-called magnetic helicity:
H=
∫
A · Bd3x , (4)
where B is the magnetic ﬁeld and A is the corresponding vector 
potential.
In the approximation of external ﬁelds, consideration of (3)
would not bring any new insight compared to the approach of 
Ref. [4]. However Eq. (3) becomes more informative in case of 
dynamical electromagnetic ﬁelds. The point is that, according to 
intuition based on thermodynamics, all degrees of freedom con-
tributing to the axial charge (3) are to be manifested in the equi-
librium. This implies that if one starts, for example, with a state 
Q Anaive = 0, H = 0, then this state is in fact unstable and a 
non-vanishing H would emerge spontaneously. These expectations 
were veriﬁed in [7–10] where the corresponding negative mode 
was identiﬁed explicitly.
Turn now to the hydrodynamic setup, as it is introduced in 
Ref. [4]. Here, one assumes that there exists a liquid whose con-
stituents interact in a chiral invariant way. The liquid is described 
by the standard hydrodynamic (relativistic) equations. To probe 
properties of the liquid one introduces coupling with external elec-
tromagnetic ﬁelds. Mostly, the electromagnetic ﬁeld is considered 
to be not dynamic. Which means, in particular, that one neglects 
electromagnetic interactions between the constituents as well as 
excitation of electromagnetic waves in the medium. Within this 
framework one can send the electromagnetic coupling αel to zero, 
αel → 0 without affecting the properties of the medium. The elec-
tromagnetic coupling survives only as a coeﬃcient in front of, say, 
the chiral magnetic current. We will work within this framework 
when electromagnetic interaction between constituents is absent 
or overshadowed by another, stronger interaction. Note that this 
framework differs from, say, magnetohydrodynamics. In the lat-
ter case the electromagnetic ﬁeld is dynamic and this is crucial to 
establish electromagnetic instabilities [7–10]. We have mentioned 
these results to introduce the issue of chiral-liquid instabilities. Our 
central point, on the other hand, is that instabilities of chiral liq-
uids exist also in case of non-dynamic electromagnetic ﬁeld, or 
even in case of neutral constituents.
In the hydrodynamic approximation, the axial current corre-
sponding to Q Anaive takes the form j
A
μ = nAuμ where nA ≡ nL −nR
and nL,R are the densities of the left- and right-handed fermionic 
constituents, respectively. What is much less trivial, is that because 
of the anomaly the axial current contains further terms. Indeed, al-
ready the analysis of Ref. [4] reveals existence of the chiral vortical 
effect, with axial current being contributed by helical motion of 
the liquid (see also below).
In more detail, the axial charge in hydrodynamics can be repre-
sented as:
Q Ahydro = Q Anaive + Q Amh + Q Amfh + Q Afh , (5)
where indices “mh”, “fh” and “mfh” stand for “magnetic helicity”,
“ﬂuid helicity” and mixed “magnetic–ﬂuid helicity”, respectively. Note that we are using here the standard terminology of magneto-
hydrodynamics, see, e.g., [11,12], where the ﬂuid and magnetic 
helicities were considered phenomenologically, without reference 
to chiral liquids. In particular, Q Amh stands for (e
2/2π2)H. The 
ﬂuid helicity, Q Afh , is deﬁned as the charge associated with the cur-
rent jαfh:
Q Afh =
1
4π2
∫
d3xj0fh , (6)
while the current jαfh is given by:
jαfh = 2μ2ωα , (7)
where
ωα ≡ 1
2
αβσρuβ∂σ uρ. (8)
An explicit expression for the mixed helicity is given later. Actually, 
the algorithm of construction of various pieces in (5) is readily 
identiﬁed by using analogy with the pure electromagnetic case, as 
we explain in a moment.
Eq. (5) can be substantiated in a number of ways. One possibil-
ity is to look into explicit expressions for vector and axial currents 
obtained via the procedure introduced ﬁrst in [4]. We will come 
to this point later, see discussion of Eq. (22) below. Now, we will 
follow [13] to argue that in the hydrodynamic setup one should 
substitute the standard electromagnetic potential eAμ in the ex-
pression for the chiral anomaly by the following combination:
eAμ → eAμ + μuμ , (9)
where μ is the chemical potential associated with the charge, 
source of the potential Aμ .
The most straightforward way to justify (9) is to observe that 
chemical potential thermodynamically is introduced through an 
extension of the original Hamiltonian Hˆ :
Hˆ → Hˆ − μQˆ − μ5 Qˆ A . (10)
As far as the chemical potentials μ, μ5 are considered to be small, 
the corresponding change in the Lagrangian δL is given by
δL = −δH = μQ + μ5Q A = μψ¯γ0ψ + μ5ψ¯γ0γ5ψ. (11)
The next step is to generalize (11) to the case of hydrodynamics. 
The generalization assumes rewriting (11) in an explicitly Lorentz-
covariant way:
δL = μuαψ¯γαψ + μ5uαψ¯γαγ5ψ . (12)
In case of μ5 = 0, the substitution (9) becomes then obvious.
As a result of substitution (9) the deﬁnition of the conserved 
axial charge (3) is generalized in hydrodynamics to the expression 
(5), and we will consider implications of this extension.1
Consider a non-vanishing chiral chemical potential, μ5 = 0. 
Then one expects that in the equilibrium all the degrees of free-
dom with a non-vanishing axial charge are excited and all the 
helicities entering (5) are non-vanishing. This implies, in turn, that 
if one starts with the state where the whole axial charge is at-
tributed to a single term in the r.h.s. of (5), say, to the charge of 
elementary constituents,
Q Anaive = 0, Q Amh = Q Afh = Q Amfh = 0 ,
1 Note, that generally speaking there is also a thermal contribution to Q fh which 
is not captured by the substitution (9). It can be derived by considering ﬁeld theory 
in a non-inertial reference frame [14]. In this note we omit this contribution for 
simplicity and in what follows separate it from the “fh” term.
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of helicities. The instability with respect to generation of magnetic 
ﬁelds with non-vanishing helicity (4) was considered in detail and 
in various applications [7–10]. Eq. (5) implies that in fact one can 
expect that in hydrodynamics there are more general instabilities 
which would result in generation of all possible helicities:
Q Anaive ∼ Q Amh ∼ Q Amfh ∼ Q Afh . (13)
In other words, all types of helical motions are excited in chiral 
plasma on macroscopic scales.
It is amusing that the possibility of the helicity conservation in 
the ordinary hydrodynamics (without any reference to the chiral 
liquids) has been studied in great detail, for review see, e.g., [11,
12]. The generic conclusion is that the ﬂuid helicities are conserved 
in the limit of vanishing dissipation.
The outline of the paper is as follows. In the next section we 
address the issue of infrared sensitivity of the deﬁnition of axial 
charge in ﬁeld theory. Next, we substantiate representation of the 
axial charge in hydrodynamics as a sum of various vorticities. Then, 
we argue that the magnetic and ﬂuid helicities are conserved in 
classical limit in case of absence of dissipation. Next, we introduce
various types of instabilities of chiral liquids.
In conclusion, we summarize the results obtained.
2. Evaluation of axial charge
In this section we outline evaluation of the anomalous piece in 
the conserved axial charge (3). In particular, we emphasize that the 
calculation is actually valid only in the limit of exact symmetry. In 
other words, fermion masses are assigned to be exact zero. Consid-
ering this limit is common to the recent papers on the anomalous 
hydrodynamics, see, e.g., [15]. Only in this limit the effect of the 
anomaly is reduced to local terms in the effective action. Moreover, 
there is no explicit time dependence as if we are discussing static
processes. A speciﬁc feature of such local, or polynomial terms is 
that the action is gauge invariant while the density of the action 
is not gauge invariant. The expression (4) for the magnetic helicity 
provides the best known example of such a term.
If one introduces explicit violation of the chiral symmetry, say, 
through the masses of the constituents, then the effect of the 
anomaly does not reduce to local terms in the effective action. 
Nevertheless, in a certain kinematic limit the matrix element of 
the axial current becomes again the same polynomial as in (3). 
We emphasize that this kinematic limit actually assumes non-
vanishing time-dependent ﬁelds. In particular, the expression (3) for 
the matrix element of the axial charge in the limit of electric ﬁelds 
much stronger than the fermionic masses:
m2f  E  H , (14)
where E , H are electric and magnetic ﬁelds, respectively. The con-
straint (14) is mentioned in [6]. Here we present a more detailed 
derivation of (14).
Thus, our aim here is to evaluate the matrix element of the 
axial charge over a photonic state 〈γ |Q A |γ 〉, where
Q A =
∫
d3xjA0 (x, t) =
∫
d3xψ¯γ0γ5ψ (15)
and ψ is a massless Dirac ﬁeld of charge e. Moreover, consider 
temperature-zero case and the photons on mass shell. Then, it is 
well known that the matrix element of the axial current j Aμ cor-
responding to the anomalous triangle graph has a pole. In the 
momentum space,
〈γ | j Aμ|γ 〉 =
e2
2
iqμ
2
ρσαβe
(1)
ρ k
(1)
σ e
(2)
α k
(2)
β , (16)2π qwhere qμ is the 4-momentum brought in by the axial current, 
e(1)ρ , k
(1)
σ and e
(2)
α k
(2)
β are the polarization vectors and momenta of 
the photons.
The matrix element (16) of the axial current is clearly non-local 
in nature, by virtue of the Lorentz covariance and gauge invariance. 
Concentrate, however, on the matrix element of the axial charge 
(15). Since the charge is deﬁned as Q A = ∫ d3xjA0 (x, t), evaluating 
the charge implies considering the kinematical limit
q ≡ 0, q0 → 0 .
In this limit the matrix element (16) reduces to a polynomial:
〈γ |Q A |γ 〉 = i e
2
4π2
 i jke(1)i e
(2)
j (k
(1) − k(2))k (17)
and we come, indeed, to the standard expression for the magnetic 
helicity (3).
Evaluating the charge (15) starting from the non-local expres-
sion (16) for the current has advantages, from the theoretical point 
of view. In particular, we avoid considering contribution of heavy 
regulator ﬁelds, and our derivation of (15) is given entirely in 
terms of physical, or light (massless) degrees of freedom. On the 
other hand, the now-standard way of evaluating the magnetic con-
ductivity σM is to relate it to the spatial correlator of two elec-
tromagnetic currents (for review see, e.g., [16]). In the momentum 
space:
σM = lim
q0≡0,qk →0
 i jk
i
2qk
〈 jeli , jelj 〉 (18)
Although taking the limit of qk → 0 implies, at ﬁrst sight, that the 
correlator (18) is sensitive to large distances, r ∼ 1/|q|, in fact, it 
depends on the correct deﬁnition of the correlator at the coincid-
ing points. Therefore, one has to consider carefully the ultraviolet 
regularization procedure, for details see [16].
Necessity of a careful treatment of the time-dependent ﬁelds 
looks counter-intuitive in view of the fact that (18) relates the 
magnetic conductivity to a pure spatial correlator. It might, there-
fore, worth reminding the reader that in the original derivation of 
the axial anomaly in terms of zero modes in magnetic ﬁeld [17]
one evaluates actually the work W produced by an external elec-
tric ﬁeld E:
W ≡ E · jel = E · B e
2
2π2
μ5 . (19)
This work compensates the energy needed for massless pair pro-
duction. And only after cancelling the electric ﬁeld from the both 
sides of (19) one arrives at the current (1) which apparently de-
pends on the magnetic ﬁeld alone.
If, on the other hand, one introduces ﬁnite fermionic masses 
then there is no pair production for E  m2f and the role of the 
time-dependent electromagnetic potentials is made explicit. In par-
ticular, taking the limit q0 → 0 (q ≡ 0) now gives
〈γ |Q A |γ 〉m f =0 = 0 ,
since there is no singularity at q2 = 0 in the matrix element corre-
sponding to the triangle graph.
3. Axial charge in hydrodynamics
Probably, the most striking novel feature brought in by consid-
eration of hydrodynamics is the emergence of the chiral vortical 
effect, see, e.g. [4,18], or the ﬂow of the axial current along the 
ﬂuid vorticity:
j Aα = σωωα , (20)
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case of both μ, μ5 = 0, ﬁxes σω as:
σω = (μ
2 + μ25)
2π2
. (21)
The reservation in using the substitution (9) is that it does not 
capture temperature dependences. Also, in Eq. (21) we did not ac-
count for possible spatial variations of the chemical potentials.
Although the chiral vortical effect is rooted in the anomaly it 
survives in the limit of vanishing electromagnetic coupling. If we 
restore the term proportional to 
√
αel then the axial-vector current 
looks as follows:
j Aμ = nAuμ +
(
μ2 + μ25
2π2
)
ωμ + e · μ
2π2
Bμ + O (e2) (22)
where nA is the density of constituents and Bμ is deﬁned in 
Eq. (1). The ﬁrst term in the r.h.s. of Eq. (22) corresponds to 
Q Anaive in Eq. (5), the second term corresponds to Q
A
fh and the 
third term in the r.h.s. of this equation corresponds to the so-called
mixed magneto-ﬂuid helicity, see, e.g., [11]. The corresponding ax-
ial charge, Q Amfh entering (5) is proportional to the volume integral 
of the temporal component of jαmfh:
jαmfh =
1
2
αβρσ Aβωρσ (23)
where ωαβ = ∂α(μuβ) −∂β(μuα). There is also an alternative form 
of jαmfh deﬁned as:
jαmfh =
1
2
αβρσ (μuβ)Fρσ . (24)
The corresponding charge, Q Amfh , is the same in the both cases of 
(23) and (24).
Eq. (22) is close to the expression found ﬁrst in the pioneering 
paper [4], see also [19]. And, as is mentioned in the Introduction, 
the expression for the current obtained in [4] could be considered 
as a motivation to introduce (5). The main difference is that the 
coeﬃcient in front of the ﬂuid vorticity ωμ in Ref. [4] contains 
also terms of third power in chemical potentials. Moreover, us-
ing the hydrodynamic expansion to higher orders in derivatives, 
in the spirit of the approach of [4] would bring further corrections 
to the current j Aμ . The possibility of variations in explicit expres-
sions for the current is rooted in freedom of choosing frames, or 
precise deﬁnition of the ﬂuid velocity uμ . Ref. [4] uses the Lan-
dau frame introduced, e.g., in the textbook of Landau and Lifshitz, 
while Eq. (22) assumes the use of the so-called entropy frame, see, 
in particular, [20].
A crucial point is that the expressions for Q Anaive , Q
A
fh , Q
A
mfh , 
Q Amh do not receive further contributions in the expansion in hy-
drodynamic derivatives. The absence of higher order terms in the 
hydrodynamic expression (22) is a reﬂection of the important 
property of the chiral anomaly on the fundamental level that it 
is limited to a single term H.
So far we exploited the substitution (9) following the argumen-
tation of [13] reproduced above. However, this argumentation by 
itself is of somewhat heuristic nature and it is worth emphasizing 
that similar conclusions were reached more recently in a system-
atic way within the geometric approach to hydrodynamics, see, 
e.g., [15,21].
To derive the chiral effects in hydrodynamics within these ap-
proaches one considers motion in both electromagnetic and grav-
itational backgrounds. This seems to be rooted in the very nature 
of the hydrodynamics which is entirely determined by conserva-
tion laws, of energy–momentum tensor and of relevant currents.Technically, one way to trace this kind of uniﬁcation of electro-
magnetic and gravitational interactions is to start with a covariant 
action in higher dimensions. One can demonstrate then [21] that 
the mixed gauge–gravity anomaly in higher dimensions generates 
a 4d action which is responsible for the chiral effects.
Moreover the conductivity σω gets related [21] to the correla-
tor of components of the energy–momentum tensor and electric 
current:
σω = lim
q0≡0,qk→0
i
qk
 i jk〈 j Ai , T0 j〉 . (25)
The connection of our procedure to that of [21] can readily be 
established. Indeed, modiﬁcation of the naively conserved axial 
charge Q Anaive by the anomaly is in one-to-one correspondence 
with the non-vanishing correlator (18). The hydrodynamic modiﬁ-
cation (10) of the ﬁeld theoretic Hamiltonian implies modiﬁcation 
of the T 0i component of the energy–momentum tensor. Choosing, 
for simplicity, μ5 = 0,
(δT 0i)hydro = μ J i ,
where J i (i = 1, 2, 3) are the spatial components of the vector cur-
rent. Therefore, there arises an anomalous piece in the correlator
i jk
〈T 0i, J j〉
qk
= μi jk 〈 J
i, J j〉
qk
. (26)
Eqs. (18), (25), (26) imply that conductivities σM , σω are related to 
each other and, actually, in exactly the same way as prescribed by 
the substitution (9). Following this logic, we derive the Q Afh contri-
bution to the axial charge in the hydrodynamic approximation (5).
Another geometric approach [15] starts with considering a 
static metric
ds2 = − exp (2σ(x))(dt + ai(x)dxi)2 + gij(x)dxidx j
There is also electromagnetic background Aμ(x). Then one can 
demonstrate that the symmetries of the problem imply that the 
partition function depends in fact on the combinations A0, Ai ,
eA0 = eA0 + μ , eAi = eAi − A0ai (27)
which are Kaluza–Klein gauge invariant and are replacing eAμ in 
the standard ﬁeld theoretic expressions.
Moreover, it is quite obvious that the procedure we are using 
has much in common with the approach [15]. Indeed, the ﬁeld ai
entering (27) is also proportional to ui and we readily come to the 
same contributions to the hydrodynamic axial charge as derived 
above. Note, however, that the approach of [15] applies only in 
equilibrium while the substitution (9) works in general case.
This concludes the derivation of the axial charge in the hydro-
dynamic limit, see Eq. (5). It is worth mentioning again that all 
the conclusions concerning chiral plasmas are subject to the reser-
vation that, from the microscopical point of view, the underlying 
ﬁeld theories are assumed to be infrared stable. Note that within 
the holographic approach it turns possible in some cases to study 
dynamics of chiral liquids in infrared. There are indications that 
the physics in the infrared could be richer than is usually assumed. 
In particular, new scales can be generated, for a recent study and 
further references see [22].
4. Classical conservation of magnetic and ﬂuid helicities
As it is mentioned above, possibility of conservation of the 
magnetic and ﬂuid helicities was intensely discussed in the context 
of the magnetohydrodynamics. Here we will reproduce the main 
results in a way close to Ref. [11] Let us begin with the conserva-
tion of the ﬂuid helicity. The main tool to be used is the relativistic 
version of the Euler equation:
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where  and p stand for proper energy density and pressure 
respectively, uβ is the 4-velocity normalized as uβuβ = −1, 
aμ = uν∂νuμ is the acceleration and Pμν = uμuν + gμν is the 
projection operator. Here electric ﬁeld is switched off what will be 
justiﬁed later. Moreover, we will utilize Gibbs–Duhem relation:
d = ρdμ + sdT , (29)
where μ is the chemical potential conjugated to the charge ρ , T is 
the local temperature and s is proper density of entropy.
Now we investigate the behavior of different parts of the axial 
current in a chiral-neutral charged ﬂuid. After some algebra, one 
can demonstrate that the current jαfh associated with the ﬂuid he-
licity has the following divergence:
∂α j
α
fh =
2T 2μs
p +  ω
α∂α
(μ
T
)
, (30)
where jαfh and ω
α are deﬁned in (7) and (8), respectively. Thus, if 
μ
T
= const (e.g. T → 0) this contribution to the axial charge (6) is 
conserved individually.
Turn now to the mixed magnetic–ﬂuid helicity in the absence 
of electric ﬁeld. The divergence of the corresponding current (24)
is given by:
( jαmfh),α = 1/4αβγ δωαβ Fγ δ . (31)
The next step is to express Fαβ in terms of Bμ when Eν = 0 [23]:
Fαβ = αβγ δBγ uδ . (32)
Using this as an input one comes to:
( jαmfh),α =
T 2μs
p +  B
α∂α
(μ
T
)
, (33)
and the current is again conserved if T → 0 or μ
T
= const.
Finally, consider the magnetic helicity (4). The corresponding 4d 
current is deﬁned as
jαmh =
1
2
αβγ δ Aβ Fγ δ . (34)
The divergence of this current is proportional to the product of 
magnetic and electric ﬁelds Bμ and Eμ ,
( jαmh),α = − 2BμEμ , (35)
where Bμ is deﬁned in (1), Eμ = Fμνuν and one ﬁnds that Qmh =
e2
4π2
H.
Eq. (35) is pure kinematic in nature. The dynamic input that 
ensures conservation of the current jαmh is that in the case of zero-
temperature perfect magneto-hydrodynamics Eμ is to vanish along 
with the temperature:
Eμ → 0, if σE → ∞ . (36)
One can also easily evaluate the dissipation rate of the magnetic 
helicity in the case of zero temperature and ﬁnite conductivity σE
in classical hydrodynamics [12]:
dH
dt
= −2
σE
∫
d3x B · curl B , (37)
for details of the derivation see, e.g., [11].
In the case of arbitrary temperature one can show that the di-
vergence of the sum of the three helicity currents is2∂α(μB
α + μ2ωα) + 1
4
αβδγ Fαβ Fγ δ =
= −(Fαβ + ωαβ)uβ( F˜αγ + ω˜αγ )uγ = (38)
= − sT
( + p)
(
Eα − T Pαβ∂β
(μ
T
))
( F˜αγ + ω˜αγ )uγ
and the similar result holds for the thermal part of the ﬂow helic-
ity:
∂μ(T
2ωμ) = 2T
2ρ
 + pω
μ
(
Eμ − T ∂μ
(μ
T
))
. (39)
Thus charge conservation constraint is fulﬁlled in dissipation-
less limit when the conductivity related quantity Eα − T Pαβ∂β
(μ
T
)
is zero. Which, in turn, corresponds to σ → ∞. It is worth empha-
sizing that the viscosity also causes helicity to dissipate so as it 
was above for an ideal liquid there is an extra requirement η → 0
for the axial current conservation to hold.
Another feature which uniﬁes various types of helicity is that 
the corresponding charges are related to linkage of magnetic and 
ﬂuid vortices. In particular, the ﬂuid helicity is a measure of link-
age of vortex lines in the liquid [12]. The ﬂuid–magnetic helicity 
measures the linkage number of closed vortex lines and magnetic 
ﬂux lines. Finally, the magnetic helicity can be interpreted in terms 
of the ﬂuxes of linked ﬂux tubes.
This relation of various types of helicities to topology is a 
source of non-renormalization theorems. In particular, the anoma-
lous term in the charge (3) in case of magnetostatics can be rewrit-
ten (by using (11)) as a 3d topological photon mass, see, in partic-
ular, [10] and references therein. Furthermore, consider currents of 
the form J i(x) = I
∫
dτδ3(x−x(τ )x˙i(τ ). Then the interaction term 
of two current loops is given by:
V = 2I I
′
σM
∫
C
∫
C ′
dxidy ji jk
(x− y)k
4π |x− y|3 , (40)
where σM is deﬁned in (1). The integral in (40) is apparently pro-
portional to the Gauss linking number of the two current circuits. 
Moreover one can demonstrate [10] that the interaction term (40)
is not renormalized to any order in electromagnetic interactions.
To summarize this section, consideration of the chiral anomaly 
in the hydrodynamic limit led us to include into the deﬁnition of 
the conserved axial charge ﬂuid, magnetic and mixed helicities. 
All three types of helicities are conserved in the zero-temperature 
limit of perfect magnetohydrodynamics. It is amusing that the chi-
ral anomaly uniﬁes all types of helicities which were considered 
separately so far.
It is tempting to reverse the logic and assume that the chi-
ral anomaly in the hydrodynamic approximation mixes up charges, 
associated with helical motions, which are separately conserved 
classically. It is known that Q Anaive is indeed conserved classically. 
As is discussed above, other contributions to the axial charge (5)
are conserved in the absence of dissipation. Therefore, following 
this logic one would predict, in particular, that for chiral liquids(η
s
)
classically
→ 0 (41)
Such a solution has an advantage of naturally incorporating 
dissipation-free chiral magnetic current (1). Note that Eq. (41)
is in no contradiction with the famous lower bound [25] on 
the same ratio η/s. Indeed, one invokes the quantum-mechanical 
uncertainty principle to establish existence of a lower bound 
on η/s [25].
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As is mentioned in the Introduction, chiral plasma can be un-
stable if one starts with a state where, say, Q Anaive = 0 while all 
other terms in the expression (5) are vanishing. This kind of insta-
bilities has been discussed recently [8–10], see also [7].
We have a few points to add:
• The state with Q Anaive = 0, Q Afh = Q Amh = Q Amfh = 0 can de-
cay not only into the domains with non-vanishing magnetic 
ﬁeld [8–10] but also into domains with helical motion of the 
plasma, so that Q Afh = 0.
• In particular, we expect that not only primordial magnetic ﬁeld 
could be produced from an original right–left asymmetric state 
[8], but primordial helical motion could be generated on a cos-
mological scale as well.
• It is amusing to observe, again, that transitions among cer-
tain kinds of helicities have been discussed in the literature, 
independent of the issue of chiral media. Starting from conser-
vation of the extended axial charge (5) allows to introduced all 
possible instabilities in a systematic way. In particular, in pa-
per [24] there is a rather detailed discussion of generation of 
magnetic ﬁeld from the initial helical motion. In our language, 
this is about the instability:
Q Afh → Q Amh
• The novel point brought by the consideration of chiral media 
above is the transition of Qnaive = 0 to other components of 
the conserved axial charge (5).
The most interesting novel example is the transition of the axial 
charge of elementary constituents into right- (or left-) handed vor-
tices:
Qnaive → Q fh. (42)
Superﬁcially, this transition is similar to the decay of the axial 
charge of the constituents to decay into the magnetic helicity, 
Qnaive → Qmh discussed above. On the dynamical level, however, 
there is an important difference. In case of the electromagnetic in-
stability, Qnaive → Qmh , one can ﬁnd the unstable mode explicitly, 
see [9] and references therein.
In case of the vortical instability (42) there is no analytic ex-
pression for the unstable mode. The reason is that there is no 
perturbation theory for vortical modes because of the infrared di-
vergences. This is known since long, for a recent exposition see, 
e.g., [26] and references therein. Roughly speaking, if in ﬁeld the-
ory one starts with (an inﬁnite number of) oscillators, in case of 
hydrodynamics one starts with (an inﬁnite number of) free par-
ticles. As a result, dynamics is decided by non-linearities and no 
analytical methods exist. Thus, one would turn to numerical meth-
ods. Numerical estimates seem especially crucial since we are con-
sidering a rather unusual transformation of motion of elementary 
constituents into the motion of macroscopic vortices. One could 
suspect that the decay rate of the axial charge accumulated in the 
constituents into vortices is very low.
Recently, an important progress was reached in answering this 
type of question, see [27]. Namely, one starts numerical simula-
tions from a medium of sound waves at a certain temperature. In 
other words, it is only microscopic degrees of freedom that are 
excited ﬁrst ordinary. It is found that vortices are emerging as a 
result of interactions. A crucial point is that one starts with the 
effective Lagrangian derived from ﬁrst principles, see, e.g., [26]. 
Moreover, there is a general observation on equivalence of an ir-
rotational heated system, with no chemical potential, and (corre-
spondingly adjusted) chemical potential at zero temperature [28]. Thus, we can say that there is evidence that a system with a non-
zero chemical potential is unstable with respect to generation of 
macroscopic vortices.
This is not yet the instability we predict. But it shares the ba-
sic dynamical feature, namely, transformation of a microscopically 
chaotic motion into a macroscopically organized motion. As a re-
sult of the instability seemingly observed in Ref. [27], an equal 
number of left- and right-handed vortices is produced since the 
total axial charge of the system is zero. What we predict, is that 
if one starts with a non-zero axial chemical potential, vortices are 
produced which are preferably left- (or right-, depending on the 
sign of the axial potential) handed.
6. Conclusions
We argued that chiral irrotational liquids are unstable with re-
spect to spontaneous generation of vortices. Analytically, however, 
it is not possible to estimate the decay rate since it involves trans-
formation of motion of microscopical degrees of freedom into a 
macroscopic motion of vortices. Very recent lattice simulations 
[27] indicate that if one starts with a state of perfect ﬂuid with 
sound waves at a certain temperature and no vortices, vortices are 
generated dynamically. Thus, the transformation of a microscopic 
chaotic motion into an organized macroscopic motion is not sup-
pressed in this case. Because of the similarity of underlying mech-
anisms the spontaneous generation of non-vanishing macroscopic 
ﬂuid helicity from chiral liquids with μ5 = 0 would seemingly be 
not suppressed either.
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